In this article we study optimal control for compressible isentropic Navier-Stokes Equations. Existence of optimal solutions and necessary optimality conditions are estabilished by employing the variational formulation. Numerical approximation results are presented for a boundary velocity control problem.
Introduction
Optimal control for the viscous zncompressible flows, which are governed by incompressible Navier-Stokes equations, has been the subject of extensive study in recent years.
In this paper we consider the optimal control of ~0 7 1 2 -pressible isentropic Navier-Stokes equations. We devclop the weak variational formulation and discuss the existence and necessary optimality condition characterizing the optimal control. A numerical method based on the mixed-finite element method is also discussed to compute the control and numerical results are presented. Also, we discuss the optimal control of the time-dependent system of isentropic gas dynamics.
The steady compressible isentropic Navier-Stokes equations are given by V . p u = O P u . vu+ vp = p~ + p (~u + ;V(V We assume the perfect gas law with constant isentropy, i.e. We also assume J, pd0 = PO, where PO is constant total density. We will derive the nondimensional equation by ' 
where the Reynolds number Re is defined by Re = y. Let 
Numerical Results
Let us report some computational results for the openloop problem, i.e., for the uncontrolled problem. All computations are done with the following choice of finite element spaces defined over the triangulation of the domain s1: continuous piecewise quadratic polynomials for both components of the velocity U'; continuous piecewise linear polynomials for the density p" On each triangle, the degrees of freedom for quadratic elements are the function values at the vertices and midpoints of each edge; the degrees of freedom for linear elements are the function values at the vertices. Once the finite element approximation of (2.4) is obtained, we solve the resulting finite dimensional problem using the following algorithm.
Hybrid Newton Algorithm
lo Solve the problem using successive approximation .,no, where no is taken sufficiently large so that the solution enters the contraction ball for the Newton's method.
2'
Switch to Newton's method and solve till the convergence criterion is satisfied.
We employ Reynold's number marching method to carry out our computations successfully for high Reynolds number flows. The computational results shown in Figure 1 -2 were obtained with a 14 by 14 triangulation of unit square and using the following data:
Optimal Control Problem
We consider the problem of finding the boundary tangential velocity UT = g, the control, that drives the fluid velocity U as close as possible to a target field u d . In order to apply the variational formulation and standard finite element approximation we consider the modified boundary condition (3.1) K ( n . S T ) + u T = g and n . u = O o n I '
where the small parameter K -+ O+ and S is the stress tensor. In practice one can choose K to be for example. We consider the optimal control problem; minimize the cost functional ( 3 4 J ( ( p , u ) , 9 ) = Iu -4 ; + P1(IVP12 + IVUl2) + Pzlsl;, (3.3) over g E L2(I'l), subject to 
3).
Using exactly the same arguments as above, we can prove that suppose there exists a (uniformly) bounded sequence {pc,u,)} in W, given g E L2(I'l) such that (3.3) is satisfied for each E > 0, then there exists a solution to (3.3) with E = 0. Moreover, a sequence of solutions {(zc,ge)} of (3.2) subject to (3.3) with E > 0 converges weakly to a solution (2, g) of (3.2) subject to (3.3) with E = 0, sub-sequentially in W x L 2 ( r , ) .
The Necessary Conditions of Optimality
Let us next derive the necessary conditions of optimality that charact,erize the optimal control. We assume the regular point condition: the Frechet derivative E'(x*, g*) is surjective at the minimizer (x*,g*) E W x L2(r1). Then 
I
for all (q,?) E W. The system of equations (3.2) and (3.3) forms the necessary conditions of optimality that we solve numerically to compute the control.
Optimal Control Coniputational Results
The computations reported in this section uses the same choice of finite element spaces and the algorithm as in 32.1.
We take the desired velocity field, plotted in Figure 3 , to be, is constructed by selecting the stream function to be 'p(x1, X Z ) = Q(~I)~(xz) with
The integer parameter k (k = 2 for the current computation) involved in u d adjusts the number of eddies of circulation presented in the desired flow, thus determines the complexity of the desired flow. Note that u d defined in such a way that satisfies the divergence free condition and the zero boundary conditions.
The computational results shown in Figures 3-4) were obtained with a 14 by 14 triangulation of unit square and using the following data:
The optimal controlled velocity is given in Figure 4 . The controlled velocity field is in nice agreement with the target field.
Optimal Control of One-dimensional Isentropic Gas Dynamics
In this section we consider the optimal control of the time-dependent system of isentropic gas dynamics:
where p, the density, U , the velocity, p , the pressure are scalar. We consider the Cauchy problem and the initial data are smooth functions in L w ( R ) that approach a constant state (p,.Ei) at infinity. The controlled term
is the i-th control distribution function for 1 5 i 5 m and w(t) E U is thecontrol functions with a closed bounded convex set U in R". We assume the gas is polytropic, The necessary optimality condition for ( P ' ) is given by (4.8) = E(P,)zz + H'(yf)p,.
I v:(t) = Projrr (-$B*p, (.,t)) 3703 with pf(., T ) = 0, where 00 (B*P)i(t) = bi(.)P: (., t ) p ( z , t ) d.
-m
and Proju is the projection onto the closed convex set U of Rm. We can derive the necessary optimality condition for ( P o ) (setting E = 0 in (4.8) ) by employing the limiting procedure as described above. Fig. 2 Velocity field U, Re=1000
